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o 

■ Continuous sequences of asymptotically flat solutions to the Einstein-Maxwell equations 

describing regular equilibrium configurations of ordinary matter can reach a black hole 
j limit. For a distant observer, the spacetime becomes more and more indistinguishable 

from the metric of an extreme Kerr-Newman black hole outside the horizon when ap- 
proaching the limit. From an internal perspective, a still regular but non-asymptotically 
QQ ■ flat spacetime with the extreme Kerr-Newman near-horizon geometry at spatial infin- 

ity forms at the limit. Interesting special cases are sequences of Papapetrou-Majumdar 
distributions of electrically counterpoised dust leading to extreme Reissner-Nordstrom 
black holes and sequences of rotating uncharged fluid bodies leading to extreme Kerr 
black holes. 
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1. Introduction 



Spherically symmetric (uncharged) perfect fluid bodies in equilibrium cannot reach 
^ ■ a black hole limit parametrically. Buchdahl has shown^ that the Schwarzschild coor- 

■ dinate radius of such a fluid ball is always greater than (9/8) 2M, where M denotes 
\ the gravitational masfl Correspondingly, the relative gravitational redshift z of 

■ photons emitted from the fluid's surface and received at infinity is bounded by 



z < 2. 

With rotation and/or electric charge a (quasi) black hole limit of regular equilib- 
rium configurations is possible. In this parameter limit, if discussed from an external 
perspective, the spacetime of an extreme Kerr-Newman black hol^ outside the hori- 
zon forms. From an internal perspective, a still regular but non-asymptotically flat 
spacetime with the extreme Kerr-Newman near-horizon geometry at spatial infinity 
^ \ results. The first example was given with the extreme relativistic limit of a uniformly 

rotating disc of dust,'^for details see also Refs. EHll More examples can be found 
in Refs. IMISl The simplest way to construct such "quasiblack holes" is to use the 
parametric compression of static configurations of "electrically counterpoised dust 
(ECD)", also called "Bonnor stars" .I^Hlol 

In the following, we will touch on some general aspects of the black hole limit 
in the two special cases: (i) perfect fluid configurations (angular momentum but no 
charge) leading to extreme Kerr black holes and (ii) ECD configurations (electric 
charge but no angular momentum) leading to extreme Reissner-Nordstrom black 
holes. We conclude with some comments on rotating discs of charged dust. This 
model provides a continuous connection between the two cases mentioned above. 



^We use units in which G = c = 1. 

''For a constructive proof of the Kerr-Newman black hole uniqueness including the extreme case, 
see Ref . [2] 
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2. Black hole limit of rotating fluid bodies in equilibrium 

A black hole limit of a stationary and axisyminetric, uniformly rotating perfect 
fluid body occurs if and only if AI — 2f2 J holds at the limit, where fl and 
J denote angular velocity and angular momentum. Consequently, from an external 
perspective, the spacetime of an extreme Kerr black hole outside the horizon forms. 
A rigorous proof for the existence of such a limit was given with the analytic solution 
to the disc of dust problem.l^ Convincing numerical evidence for such a limit was 
also found for fluid ring solutions with various equations of state.'^^'^ 

3. Black hole limit of electrically counterpoised dust configurations 

The black hole limit of ECD configurations can be treated in quite a general manner, 
by applying a simple scaling transformation to any asymptotically flat Papapetrou- 
Majumdar solution of the Einstein-Maxwell equations, corresponding to a localized 
ECD distribution.'22I It is interesting to note that although the "outer world" at 
the limit is always given by the spherically symmetric extreme Reissner- Nordstrom 
metric outside the horizon, the "inner world" does not need to show any spatial 
symmetry in general. 

4. Rotating discs of charged dust 

The problem defining the global solution to the Einstein-Maxwell equations corre- 
sponding to a uniformly rotating (infinitesimally thin) disc of electrically charged 
dust with constant specific charge e (0 < e < 1, we are using Gauss units) can be 
formulated as a boundary value problem for the Ernst equationP^l 

/ A £ = ( Vf + 2l>V$) • Vf , / A $ = ( Vf + 2$V$) • V$ 

With f.ue + m'. A.A, + i|.,iL. vH^,|)^ 

The boundary conditions on the disc (C = 0, < p < po) take a simple form in the 
corotating frame of reference (indicated by primes) : 

Po^(/f + e5R<i>') =0, poA(5R$' + e/f) - , 35' - , 3 $' = . (1) 

They have to be complemented by the asymptotic flatness conditions £ — > 1 , $ — > 
as -I- — >■ CXI and a regularity condition at the rim of the disc. Except from a 
scaling parameter (po or M), the solution can be discussed in terms of its dependence 
on the two parameters e and 7=1 — ^yf(JD^=0^(^=0) with < 7 < 1. The limit 
e — >■ leads back to the disc of dust solution discussed above. For e 1, one obtains 
a special (non-rotating) ECD configuration. The Newtonian limit is characterized by 
7^1, whereas 7 — 1 is expected to lead to the black hole limit. The gravitational 
mass of the disc can, in general, be expressed as 

M = J + (1 - 7 + e aa)Mo , (2) 
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where ao = ^^{p = 0, C = 0) and Mq denotes the baryonic mass. Accordingly, the 
electric charge of the disc is given by Q = e AIq. The factor 1 — 7 + e ao on the right- 
hand side of Eq. ([2]) is equal to the constant value of y/T + e on the disc, cf. the 
first boundary condition in ([Ij. At the limit 7 — ?> 1, we expect to obtain /' = 
and thus 3?$' = constant on the disc. Denoting this constant by </>(</> = ao), the 
relation ([2]) reduces to M = 2nj + cf) Q , which looks like the Smarr formulaf^^l for an 
extreme Kerr-Newman black hole. For finite M, the coordinate radius po is expected 
to shrink to zero at the limit. Indeed, the horizon of an extreme Kerr-Newman black 
hole is located at p = 0, C = in the coordinates used here. Moreover, the Kerr- 
Newman solution satisfies the conditions /' = 0, 3?$' = constant, — and 
3 $' = on the horizon. 

A post-Newtonian expansion of the disc of charged dust solution will be pub- 
lished elsewhere.'231 It remains a challenge to find an explicit analytic solution as is 
possible for the uncharged case (e = 0). 
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